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Introduction. 

In this paper we study Hodge classes on complex abelian varieties X. If dim(X) < 3 
then every Hodge class on X is a linear combination of products of divisor classes. (This 
is true for any smooth projective complex variety X.) The same property holds true for 
self-products of simple abelian varieties of prime dimension, as shown by Tankeev [24]; 
see also Ribet's paper [18]. In [11] the authors showed that if X is simple of dimension 
4 then every Hodge class is a linear combination of products of divisor classes and Weil 
classes — if there are any. (The notion of a Weil class shall be briefly reviewed in (1.9); for 
an elementary discussion see also [30].) 

The aim of this note is to extend this to arbitrary abelian varieties of dimension 
< 5. In order to state our main results, let us describe some special cases. We start with 
dimension 4. 

(a) The abelian variety X is isogenous to a product X\ x X2 where X\ is an elliptic 
curve with complex multiplication by an imaginary quadratic field k and where X<i is a 
simple abelian threefold such that there exists an embedding k > End°(X2). 

(b) The abelian variety X is simple of dimension 4 such that End°(X) is a field 
containing an imaginary quadratic field k which acts on the tangent space Txo with 
multiplicities (2,2). (See §1 for further explanation.) 

(c) The abelian variety X is simple of dimension 4 with D = End°(X) a definite 
quaternion algebra over Q. (Type III in the Albert classification.) Note that for every 
a e D\Q the subalgebra Q(a) C D is an imaginary quadratic field. 

(d) The abelian variety X is simple of dimension 4 with End°(X) = Q. 

(0.1) Theorem. Let X be a complex abelian variety with dim(X) < 4. Write V = 
Hi(X(C), Q) and let if: V x V — > Q be the Riemann form associated to a polarization of 
X . Write D = End°(X) and let Sp D (V, if) denote the centralizer of D inside the symplectic 
group Sp(V,(p). 
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(i) Suppose we are in case (a) or (b). Then the Hodge ring B'(X) is generated by the 
subalgebra V'(X) of divisor classes together with the space of Weil classes Wk C B 2 (X). 
The Hodge group Hg(X) is strictly contained in Sp D (V, ip). 

(ii) Suppose we are in case (c). Then Wg(X) = Sp D (V, <p). The Hodge ring B'(X) 
is generated by the divisor classes together with the spaces of Weil classes Wk C B 2 (X), 
where k runs through the set of imaginary quadratic fields contained in D. 

(iii) Suppose we are in case (d). Then the Hodge ring B'(X) is generated by divisor 
classes, i.e., B'(X) = V(X). Either Hg(X) = Sp(V,p), in whi ch case B'(X n ) = B'(X n ) 
for all n, or Kg(X) is isogenous to a Q-form of SL 2 x SL2 x SL2, in which case there are 
exceptional Hodge classes in B 2 (X 2 ). In the latter case these exceptional Hodge classes 
are not of Weil type. 

(iv) Suppose we are not in one of the cases (a), (b), (c) or (d). Then Kg(X) = 
Sp D (V, <p) and B'(X n ) = V'(X n ) for all n. 

Let us note that in the cases (a), (b) and (c) the Weil classes are really needed to 
generate the Hodge ring; in these cases we have V 2 (X) ^ B 2 (X). See [12], especially 
Example 8 and Criterion 13. 

Next we consider some special cases in dimension 5. 

(e) The abelian variety X is isogenous to a product X\ x X 2 , where X\ and X2 are 
as in (a). 

(f) The abelian variety X is isogenous to a product X x X\ x X 2 , where X is an 
elliptic curve, where Xi and X 2 are as in (a), and such that X and Xi are not isogenous. 

(g) The abelian variety X is isogenous to a product Xi x X 2 where Xi is an elliptic 
curve with complex multiplication by an imaginary quadratic field k and where X 2 is a 
simple abelian fourfold such that there exists an embedding k End°(X 2 ) via which k 
acts on Tx 2 ,o with multiplicities (1, 3). 

(0.2) Theorem. Let X be a complex abelian variety of dimension 5. Let V, ip, D and 
Sp D (V, ip) have the same meaning as in (0.1). 

(i) Suppose we are in case (e). Consider the space of Weil classes Wk C B 2 (X 1 x X 2 ) 
and write Wk, a C B 2 (X) for its image under the map B 2 (X 1 x X 2 ) — >• B 2 (X) induced by 
a surjective homomorphism a: X — > X\ x X 2 . Then the Hodge ring B'(X) is generated 
by the subalgebra V'(X) of divisor classes together with the subspaces Wk, a - The Hodge 
group Hg(X) is strictly contained in Sp D (V, ip). 

(ii) Suppose we are in case (f). Then Hg(X) = Hg(X ) x Hg(X 1 x X 2 ). For every 
n>lthe Hodge ring B'(X n ) is generated by the images ofB'(X^) and B'(XY x X%). In 
particular, B'(X) is generated by the divisor classes V(X) together with the pull-backs 
of the Weil classes in W k C B 2 (X 1 x X 2 ). 

(iii) Suppose we are in case (g). Then the Hodge ring B'(X) is generated by divisor 
classes, i.e., B'(X) = V'(X). The Hodge group Hg(X) is strictly contained in Sp D (V, ip). 

(iv) Suppose we are not in one of the cases (e), (f) or (g). Decompose X, up to 
isogeny, as a product of elementary abelian varieties, say X ~ Y™ 1 x • • • x Y™ r . Then 
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Rg(X) = Hg(y i mi ) x • • -Hg(T r m -). For every n > 1 the Hodge ring B'(X n ) is generated 
by the images of the Hodge rings B'iY™ 3 ). In particular, if X has no simple factor of 
dimension 4 then Hg(X) = Sp^fV, (f) and B'(X n ) = V'(X n ) for every n > 1. 

In the decomposition (up to isogeny) X ~ Y™ 1 x • • • x Y™ r in (iv) we require the Yj 
to be simple, pairwise non-isogenous, and the rrij are positive integers. Further we remark 
that in the cases (e) and (f) the pull-backs of the Weil classes are needed to generate the 
Hodge ring of X; in these cases we have V 2 (X) ^ B 2 {X) and V 3 (X) ^ B 3 (X). 

As pointed out at the beginning of the introduction, the above results were already 
known for simple abelian varieties. In the present paper we are therefore mainly concerned 
with non-simple abelian varieties. We prove some lemmas which in certain cases allow us 
to determine the Hodge group of a product Xi x X 2 , knowing the Hodge groups Hg(Xj) 
of the factors. Using these results we shall determine the Hodge groups of all complex 
abelian varieties X with dim(X) < 5. 

The paper is organised as follows. In the first section we review the notion of a Hodge 
group and we recall a number of properties that we shall use. In §2 we give an overview 
of the situation for simple abelian varieties of low dimension. In §3 we prove a couple 
of general lemmas which allow us to analyse certain product situations. In §4 we analyse 
Hodge groups of simple abelian surfaces of CM-type. Putting everything together the main 
theorems are proven in §5. 



§1. Hodge groups of abelian varieties. 

(1.1) Let X be an abelian variety over an algebraically closed field k. Set D = End°(X) := 
End(X) ®i Q. A polarization of X induces a positive (Rosati-) involution, say d ^ d) , of 
D. 

Now assume that X is simple. Then D is a division algebra and we have D D F D 
F D Q with 

F = Cent(D) , F = {a G F | a f = a} . 

We write 

e = [F : Q] , e = [F : Q] , d 2 = [D : F] . 

By the classification due to Albert (see [14], § 21) the division algebra D is of one of the 
following types. 

Type I(eo): e = eo, d = 1; D = F = F is a totally real field. 

Type II(eo): e = eo, d = 2; D is a quaternion algebra over a totally real field F = F ; 
D splits at all infinite places. 

Type Ill(eo): e = eo, d = 2; D is a quaternion algebra over a totally real field F = Fq; 
D is inert at all infinite places. 

Type YV(eo,d): e = 2eo; F is a CM-field with totally real subfield F ; D is a division 
algebra of rank d 2 over F. 
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We say that a (simple) abelian variety X is of Type A (with A G {I, II, III, IV}) if 
End°(X) is an algebra of the corresponding type. 

We refer to [16] for results about which algebras in the Albert classification occur as 
the endomorphism algebra of an abelian variety. (Note that there is a misprint in Table 
8.1 of [16]; the author informs us that in the last line of this table it should read: "occurs 
if and only if 2g/ed 2 > 1 but excluded IV(1, 1), g = 2 and IV(1, 1), g = 4.") 

(1.2) Let X be a complex abelian variety, 1^0. We write V = V x = #ipf (C), Q), 
which is a polarizable Q-Hodge structure of type (—1,0) + (0, —1). This Hodge structure 
can be described by giving a homomorphism of algebraic groups over H. 

fc§^GL(y) K , 

where S = Res C / R G m)C . 

The Mumford-Tate group MT(X) of X is defined to be the smallest algebraic subgroup 
M C GL(V) (over Q) such that h factors through Mr. In practice it is often more 
convenient to work with the Hodge group Kg(X). We can define it by Hg(X) = MT(X) fl 
SL(y). For a more direct definition, consider the M-subtorus U 1 C § given on points by 

U\R) = {z G C* | zz = 1} C C* = S(R) . 

Then Hg(X) is the smallest algebraic subgroup H C GL(V) such that the restriction of h 
to U 1 factors through H-r. 

The Mumford-Tate group MT(X) contains the torus G m; Q C GL(V) of homotheties. 
The group MT(X) is the almost direct product of G m; Q and Hg(X). 

The Hodge group Kg(X) is a connected reductive algebraic group. Viewing D = 
End°(V) as a subalgebra of End Q (F) we have D = End Q (y) Hg W. If <p: V x V -> Q is 
the Riemann form associated to a polarization of X (so (p is a symplectic form) then 

Hg(X)cSp D (y,^), 

the centralizer of D in the symplectic group Sp(V, cp). 

The Hodge group Hg(X) is a torus if and only if X is of CM-type. If X has no factors 
of Type IV then Hg(X) is semi-simple. (See [13], §2 and [23], Lemma 1.4.) 

For n > 1 we can identify rlg(X n ) with Hg(JT), acting diagonally on Vx™ = (Vx) n - 
More generally, ifn 1 ,...,n r G Z>i then we can identify Hg(X[ l1 x • • • x X™ r ) with Hg(Xi x 
••• x X r ). 

(1.3) Write l)Q(X) for the Lie algebra of Ug(X). If W is a Hg(X)-module then = 
W^ x \ since Hg(X) is connected. Thus, for instance, End°(X) can be computed as the 
[)g(X)-invariants in Endq)(y). 

The following description of fyg(X) proves to be very useful. We have a Hodge de- 
composition Vc = V^ 1,0 © V c '~ . Let the endomorphism J = Jx G End(Vc) be given 
by 

aw = (": iS r v t v v Cl' 

y —iv, it v g v c 



4 



Note that J\ = -id. Then t)g{X) C End(V) is the smallest Q-Lie subalgebra f) C End(F) 
such that f)c contains Jx; see [28]. In fact, since V^ 1,0 and V^' -1 are complex conjugate 
we even have Jx G f)fl(-XjR. 

We remark that the same automorphism Jx can also be viewed as the element h(i) G 
Hg(X)(M). (This element is usually referred to as the Weil operator.) 

(1.4) The cohomology ring H'(X,Q) is naturally isomorphic to the exterior algebra on 
V v . The Hodge group Hg(X) acts on this ring. The Hg(X) -invariants in H'(X,Q) are 
precisely the Hodge classes. Writing B l {X) C H 2t (X, Q) for the subspace of Hodge classes 
we obtain a graded Q-algebra B'(X) = ®iB l (X), called the Hodge ring of X. 

The Hodge classes in H 2 (X,Q) (i.e., the elements of B 1 (X) = /J 2 (X,Q) Hg W) are 
called the divisor classes. We write T>'(X) C B'(X) for the Q-subalgebra generated by the 
divisor classes. The Hodge classes in V(X) are called the decomposable Hodge classes. 
The elements of B'(X) not in V(X) are called exceptional Hodge classes. 

(1.5) Consider the tautological representation p: t)g(X) — > End(Vx)- The fact that Vx is 
a polarizable Hodge structure of weight 1 puts strong restrictions on this representation. 
We shall summarize this here; for further details we refer to [4], §1. See also [17], §4 and 
[27]. 

Consider the decomposition 

f)g(X) ®R= c x 0x x ••• x g q 

of t)g(X) <S> K as a product of its center c and a number of M-simple factors gi. A certain 
number of these factors, say 0i, . . . , g r are non-compact. (Here < r < q.) As remarked 
above, Jx can also be viewed as the Weil operator in Hg(X)(M). The automorphism 
Ad( Jx) of Hg(X)(M) is a Cartan involution (see [3], §2, especially Lemma 2.8 and Propo- 
sition 2.11). This implies that each M-simple factor is a form of a compact real Lie 
algebra and is therefore absolutely simple. 

Now consider the representation p. Let W C Vx <8> C be an irreducible t)g(X) <S> C- 
submodule. Then W decomposes as an external tensor product 

W = xo^Wx® ■ ■ ■ ®W q , 

where %o is a character of c and where Wi is an irreducible representation of gi ®m C. With 
these notations, the Lie algebra fyg(X) and its representation p have the property that 

(i) all simple factors gi are of classical type A^, B^, Cg or Dg, 

and for every irreducible t)g(X) <8> C-submodule W C Vc as above, we have 

(ii) at most one of the representations W\, . . . , W r is non-trivial (with r as introduced 
above) , 

(iii) if Wi is a non-trivial g^-module (1 < i < q) then its highest weight (w.r.t. a chosen 
Cartan subalgebra of gi and a choice of a basis for the root system) is miniscule in the 
sense of [2], Chap. 8, §7, n° 3. 

These facts can be found in [4], sections 1.3 and 2.3. For the purpose of this paper it 
actually suffices to know that in every irreducible t)g(X) (g>C-module W at most one of the 
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non-compact factors W±, . . .W r is non-trivial. Let us sketch the argument. Decompose 
i)g(X) © R = c x 0! x • • • x g q as above and write J = (J , Ji, . . . , J q ). The fact that 
Ad(Jx) is a Cartan involution implies that J±, . . .,J r are all non-zero. If Wi (1 < z < g) is 
a non-trivial g^-module and Ji 7^ then the simplicity of gi implies that Ji has trace on 
Wi and has therefore at least 2 different eigenvalues. Combining everything we see that 
if there are two non-compact factors, say gi and gj (1 < % < j < r), acting non-trivially 
on W then the operator J has at least 3 different eigenvalues, as (Ji, Jj) has at least 3 
different eigenvalues on Wi^Wj. Contradiction. 

Let us remark that if X is of CM-type then Wg(X) is a torus and we have q = in the 
above. (Thus, statements (i), (ii) and (iii) become void in this case.) Next suppose that X 
itself is not of CM-type but that it contains an abelian subvariety Y of CM-type. Then the 
semi-simple part of i)g(X) acts trivially on Vy', in particular we find i)g(X) © C-modules 
W as above for which all factors Wi (1 < i < q) are trivial. On the other hand, if X does 
not contain an abelian subvariety of CM-type then it can be shown that for every W as 
above precisely one of the factors W\ , . . . W r is non-trivial. 

(1.6) Let I) be a reductive Lie algebra over Q. We shall say that f) is of non-compact type 
if f) © K does not have compact simple factors. 

Suppose f) is of non-compact type. Let p: f) — > End(V) be a finite-dimensional rep- 
resentation. The Lie algebra f) © C decomposes as f)c = c © gi © • • • © g q , where c is its 
center and where the gi are its simple factors. As in (1.5), every irreducible t)c-sub module 
W C Vc decomposes as an external tensor product W = xo^Wi^ ■■■ ^W q . We shall 
say that p is a length 1 representation of non-compact type if all simple factors gi are of 
classical type and if every irreducible f) © C-submodule W C Vc satisfies the conditions 

(ii') at most one of the representations Wi, . . . , W q is non-trivial, 

(iii) if Wi is a non-trivial 0j-module then its highest weight is miniscule. 

Our terminology is based on [27], where the length of an irreducible representation 
of a simple Lie algebra is defined. As remarked in loc. cit., 2.1, such a representation 
has length 1 precisely if the Lie algebra is of classical type and the highest weight of the 
representation is miniscule. (See also [21], §3.) 

Needless to say, our interest in length 1 representations comes from the facts recalled 
in (1.5). If X is an abelian variety such that t)g(X) is of non-compact type then these 
facts tell us that the tautological representation p: fyg(X) — > End(Vx) is a length 1 repre- 
sentation of non-compact type. More generally, if the Hodge Lie algebra t)g(X) contains 
an ideal g which is of non-compact type then the restricted representation p\ s is a length 
1 representation of non-compact type. 

(1.7) Remark. Later in the paper we shall consider Q-Lie algebras f) of non-compact type 
for which there is a unique faithful irreducible length 1 representation of non-compact type 
(up to isomorphism). For instance, let f) be a simple Q-Lie algebra of non-compact type. 
Then there exists a number field K and an absolutely simple K-Lie algebra g such that 
[) = Res^/Q g. Writing for the set of embeddings of K into C we have f)c = ©cre£ K 0(»5 
where g^ = g ®k,o C We claim that if the (absolute) root system of g is of type Ci 
(£ > 1) then f) has a unique irreducible representation of length 1. 
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To see this, let us first remark that a simple Lie algebra of type (£ > 1) over C has a 
unique irreducible representation with miniscule highest weight, see [2], Chap. 8, §7, n° 3. 
Now write = {cti, . . . , a r } and let Vu-\ (1 < i < r) be the irreducible f)c-niodule which 
is irreducible as a jj^-module with miniscule highest weight, and on which the factors 
0( CTj .) with i 7^ j act trivially. If p: f) — > End(V) is an irreducible length 1 representation of 
non-compact type then 

V c = V™ 1 © • • • © VJ^ 

for certain multiplicities m t . But if L is the normal closure of K inside C then Gal(L/Q) 
permutes the factors Q( ai ) transitively, and it follows from the fact that Vc is defined 
over Q that we must have mi = = ■ ■ ■ = m r . Therefore, if p'\ f) — > End(V') is 
another irreducible length 1 representation of non-compact type then there is a relation 
(Pc) M — (p'c) N f° r certain integers M and N. But this is possible only if p = p' . 

That, conversely, every \) of non-compact type as above has an irreducible (symplectic) 
length 1 representation of non-compact type can be seen from the description of such f)'s 
in terms of algebras with involution, as in [9], Chap. X. 

(1.8) Consider the following condition on the complex abelian variety X: 
(D) B'{X n ) =V'(X n ) for all n. 

If this condition is satisfied then the Hodge conjecture is "trivially" true for all X n . 

As was recalled above, the Hodge group Kg(X) is contained in the algebraic group 
Sp D (V, <p). It was shown by Hazama [6] and Murty [15] (independently) that 

(X has no factors of type III 
and 
V'(X n ) = B'(X n ) for all n 

(1.9) Let K be a subfield of End°(X), with 1 G K acting as the identity on X 
for the set of embeddings of K into C. Let Tx,o be the tangent space of X at 
The action of (an order of) K on X makes Tx,o into a module under K ©q C = 
This gives a decomposition 

T x ,o = . 

Let n a = dimcT^). If a: K — > C is the complex conjugate of a then n a + n-^ = r := 
2dxm(X)/[K : Q]. 

If K is imaginary quadratic then we say that it acts on Tx,o with multiplicities (a, b) 
if n a = a, n-^ = b for some ordering Yjk = {c, 

The inclusion K C End°(X) induces on Vx the structure of an r-dimensional K- vector 
space. The 1-dimensional K- vector space Wk = Wk(X) := A r K Vx can be identified in a 
natural way with a subspace of H r (X, Q); we call Wk the space of Weil classes w.r.t. K. 
(We refer the reader to [26].) It is known that either Wk consists entirely of Hodge classes 




. Write E K 
the origin. 

= rus. c. 
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or G Wk is the only Hodge class in Wk- Whether Wk consists of Hodge classes and, 
if so, whether these classes are exceptional or not, can be answered purely in terms of the 
data K C End°(X) and the action of K on Tx,o, see [12]. For instance, it is shown there 
that Wk consists of Hodge classes if and only if n a = for all a G S^. Note also that the 
Hodge Lie algebra is contained in the Lie algebra Endif(Vx) of if-linear endomorphisms 
of Vx and that it acts on Wk through the X-linear trace map tr^: End# (Vx) — *• K. In 
particular, Wk consists of Hodge classes precisely if t)Q(X) C sIk(Vx)- 

For later use, let us note the following. Suppose X is isogenous to a product, say 
X ~ X\ x X%. Then (an order of) K acts on both X± and X 2 . Let r± (i = 1,2) be 
the K-dimension of Vx i: so that r = r\ + r 2 . We have associated spaces of Weil classes 



WiciXx) C H ri (X!,Q) and W K (X 2 ) C fT 2 (X 2 ,Q). Viewing H ri (Xi , <Q>) <g> H 1 " 2 (X 2 ,Q) as 



a subspace of H r (X, Q) via the Kiinneth decomposition, the space of Weil classes Wk(X) 
can naturally be identified with Wk(Xi) <S>k Wk(X 2 ); see also [12], section 7. 



We shall give a short overview of the situation for simple complex abelian varieties of low 
dimension. Thus, in this section we shall assume X to be simple. 

For g := dim(X) < 3 and g = 5 we always find that Hg(X) = Sp D (V, cp). Since type 
III does not occur for g < 3 and g = 5 (X simple!), it follows that B'(X n ) = V(X n ) for 
all n. (See (1.8).) In particular the Hodge conjecture is true for all such X n . A useful 
references for the results stated below is [18]. 

We shall give an overview of the cases that occur. If F is a CM-field with totally real 
subfield F and complex conjugation dhj; then we shall write Up for the algebraic torus 
over Q given on points by 



(2.1) </=l. There are two cases to distinguish. 

Type 1(1): X is an elliptic curve with End°(X) = Q. Then Hg(X) = Sp(V, <p) = SL 2 ,q. 
Type IV(1,1): X is an elliptic curve with CM by an imaginary quadratic field F. Then 



(2.2) £7=2. There are four cases. 

Type 1(1): X is an abelian surface with End°(X) = Q. Then Hg(X) = Sp(V,cp) = 



2. Simple abelian varieties of dimension < 5. 



XJ F (R) = {xe (F ®q R) 



* 



xx = 1} . 



Hg(X) = U F . 




Type 



1(2): 



End u (X) = F is a real quadratic field. Then there is a unique F-symplectic 
form ip: V x V — > F such that (p = tvp/qip- The Hodge group is given by 
Hg(X) = Res F/Q Sp F (V,V). 
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Type 11(1): D = End (X) is a quaternion algebra over Q, split at oo. Write D opp for 
the opposite algebra, and let s k x* be the canonical involution. Then 
Hg(X) is the algebraic group U^opp given on points by U£>o PP (Q) = {x G 
(D opp )* | xx* = 1}. 

Type IV(2,1): End°(X) = F is a quartic CM-field not containing an imaginary quadratic 
subfield. We have Hg(X) = U F . 



(2.3) g=3. There are four cases. 

Type 1(1): X is an abelian 3-fold with End°(X) = Q. Then Rg(X) = Sp(V, (p) = 

SP6,Q- 

Type 1(3): End°(X) = F is a totally real cubic field. There is a unique F-symplectic 
form ifj: V x V ^ F such that <p = tip/qip. The Hodge group is given by 
Hg(X) = Res F/Q Sp F (V^). 

Type IV(1,1): End°(X) = F is an imaginary quadratic field; given a G F with a = —a 
there is a unique F-hermitian form ip: V x V — > F such that (p = tr F /q(a-ip) 
and Hg(X) = U F (V,V). 

Type IV(3,1): End°(X) = F is a CM-field of degree 6 over Q. Then Hg(X) = U F . 



(2.4) Proposition. Let X be a simple complex abelian variety with g = dim(X) < 3. 

(i) The Hodge Lie algebra §q(X) is of non-compact type in the sense of (1.6). 

(ii) Suppose X is of CM-type. Then Hg( X) is a g-dimensional algebraic torus. It is Q- 
simple, except when dim(X) = 3 and the sextic CM- field End°(X) contains an imaginary 
quadratic Geld. 

(iii) Suppose X is not of CM-type. Then rlg(X) is a Q-simple algebraic group, except 
when dim(X) = 3 and End°(X) is an imaginary quadratic held. If rlg(X) is Q-simple 
then (up to isomorphism) there is exactly one faithful irreducible representation oft)g(X) 
over Q which is of length 1 . 

Proof. Most of the claims are easily read off from the above. For (i) let us add that if 
(7 = 3 and End°(X) = F is imaginary quadratic (Type IV(1,1)), F necessarily acts on the 
tangent space with multiplicities (2,1). (An action with multiplicities (3,0) is excluded; 
see [22], Proposition 14.) Thus B.g(X)-R is a unitary group of signature (2,1), which has 
a non-compact R-simple derived group. For (ii), use Lemma (3.7) below. For the last 
assertion of (iii) one uses (1.7). □ 

(2.5) <7=4. The case g = 4 is more involved and was studied in [11]. In particular, in op. 
cit. we already proved Theorem (0.1) for simple abelian four folds. (This covers the cases 
(b), (c) and (d) of the introduction.) We here only recall some of the most interesting 
cases. 

(i) For g = 4 it is no longer true that rlg(X) is determined by End°(X) together with 
its action on the tangent space at the origin. Namely, if g = 4 and End°(X) = Q then 
either Hg(X) = Sp(V, (p) = Sp 8 q, or Hg(X) is a Q-form of an almost direct product of 
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three copies of SL 2 . (See [13].) In both cases the Hodge ring of X is generated by divisor 
classes, but if Hg(X) is isogenous to a Q-form of SL| then there are exceptional Hodge 
classes in H 4 (X 2 ,Q). 

(ii) For g = 4 we find cases where in addition to divisor classes we also need Weil classes 
to generate the Hodge ring. This happens if End°(X) contains an imaginary quadratic 
field k which acts on the tangent space with multiplicities (2, 2). If X is of Type III then 
this is the case (e.g., see [15], [12]); further it can occur only for X of Type IV(1,1) or of 
Type IV(4,1). Only in very special cases these Weil classes are known to be algebraic, see 
[19] and [25]. 

(2.6) g=5. As already stated above, Hg(X) = Sp D (V 7 (p) for all simple abelian 5-folds. 
The point here is that 5 is a prime number, since in fact we have the following result, due 
to Tankeev [24]. (See also Ribet's paper [18].) 

(2.7) Theorem. Let X be a simple complex abelian variety such that dim(X) is a prime 
number. Then Hg(X) = Sp D (V, <p) and B'(X n ) = V'{X n ) for every n > 1. 

In connection with this result let us note that a simple X of prime dimension cannot 
be of Type III, so that the result of Hazama and Murty in (1.8) applies. 



§3. The Hodge group of a product of abelian varieties. 

(3.1) Let Xi and X 2 be complex abelian varieties. Write X = Xi x X 2 . Then Hg(X) is 
an algebraic subgroup of Hg(Xi) x Hg(X 2 ). The two projections pr^: Hg(X) — > Hg(Xj) 
are surjective. From this one easily shows that there exist Lie algebras g 2 , 03 and an 
automorphism <p of g 3 such that 

fjfl(Xi) ^ 01 © 03 , i)s{x 2 ) = 02©03, 

and 

t)B{Xi x X 2 ) C ^(XO © f) (X 2 ) 

I I 

01©02©r^ C 01 ©02 ©03 ©03 = (01 ©0 3 ) © (02 ©0 3 ) , 

where T v C (g 3 © g 3 ) is the graph of the automorphism (p. 
We may have that 

Hg(Xi x X 2 ) ± Hg(Xi) x Hg(X 2 ) . (1) 

(I.e., 03 7^ in the above.) This holds if and only if for some m and n the Hodge ring 
B'(XY i x X2) is not generated by the elements coming from B'(X™) and £>*(X^). 

In certain cases one can show that an inequality (1) can only hold if Hom(Xi, X 2 ) 7^ 0. 
For instance, we have the following result of Hazama [7] . 
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(3.2) Theorem. Let X\ and X 2 be complex abelian varieties which both satisfy condition 
(D) in (1.8). 

(i) Suppose X\ and X 2 contain no factors of Type IV. Then X\ x X 2 again satisfies 
(D), and either Hom(Xi,X 2 ) ^ or Hg(Xi x X 2 ) = Hg(Xi) x Rg(X 2 ). 

(ii) Suppose Xi has no factors of Type IV and X 2 is of CM-type. Then Xi x X 2 again 
satisfies (D) and Hg{X 1 x X 2 ) = Hg(Xx) x Hg(X 2 ). 

The next lemmas are aimed at proving similar conclusions in other cases. 

(3.3) Lemma. Let X be a complex abelian variety Suppose that t)g(X) is semi-simple 
of non-compact type and that, up to isomorphism, Vx is the only irreducible i)g(X)- 
representation which is a length 1 representation of non-compact type. Let Y be a simple 
complex abelian variety such that f)g(T) splits as f)g(T) = g © h; correspondingly we can 
write Jy = J i + J 2 with J\ G 0c an d J 2 £ f)c- Suppose there exists an isomorphism 
tyg(X) g with J x ' — ^ J 1 . Then f) = and Y is isogenous to X. 

Proof. Write D = End°(X) and F = Cent(D); set e = [F : Q] and d 2 = dim F (L>). 
We have D <g) Q C = M d (C) ( i) x • • • x M d (C)( e) . There are irreducible f)g(X) c -modules 
Ui, . . . , U e , pairwise non-isomorphic, such that Vx Cg>Q C = Uf © • • • © Uf as \)q(X)c~ 
modules. 

As t)g(X) is semi-simple, the F-linear trace map tr^: t)g(X) C Endi?(Vx) F is zero. 
It follows that t)g(X)c acts on each of the summands £/• through sl(Uj). In particular, 
on each of the summands Uf the operator Jx has +2 and — i as its eigenvalues (as it has 
zero trace and satisfies J x = —id). 

Fix an isomorphism (p: t)g(X) ^> g with Jx 1— > Ji- Note that there are no non-trivial 
g-invariants in VV, as (Vy) 5 is a hg(y)-submodule of Vy and y is simple. The assumption 
that Vx is the only length 1 irreducible g-module of non-compact type therefore implies 
that Vy = V x as g-modules, for some q > 1. (See the remarks at the end of section (1.6).) 
Then t) acts on Vy through an embedding () * End (VV) = M q (D). Thus 

V Y ,c = Uf q ®---® U d e q , 

as gc-modules and each of the factors Up is stable under f)c- If A is an eigenvalue of J 2 

on 9 then we find that both i + A and — z + A occur as eigenvalues of Jy on U^ q C lV,c- 
By definition of Jy this is possible only if A = 0. We conclude that J 2 acts trivially on 
each factor Uj q . Hence f) = 0. 

The graph 1^ C i)g(X) x f, fl (y) is a Q-Lie subalgebra such that r<p,c 3 JxxY — 
(Jx, Jy)- Therefore, t)g(X x Y) = and some multiple of (p corresponds to an isogeny 
from X to y. □ 

(3.4) Lemma. Let Xi and X 2 be nonzero complex abelian varieties. Write X = X\ x 
X 2 . Assume that t)g(X 2 ) is a Q-simple Lie algebra of non-compact type and that, up to 
isomorphism, Vx 2 is the only irreducible t)g(X 2 )-module which is a length 1 representation 
of non-compact type. Then either Hg(X) = Hg(Xi) x Rg(X 2 ) or Hom(X 2 , Xi) ^ 0. 
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Proof. Assume that Hg(X) ^ Hg(Xi) x Hg(X 2 ). Using the notations of (3.1) the 
assumption that i)g(X 2 ) is Q-simple implies that l)Q(X) = 0i©03 f)fl(^i) and t)g(X 2 ) = 

03- 

There exists a simple abelian subvariety Y C X\ such that the ideal 03 C l)g(Xi) acts 
non-trivially on Vy C Vx 1 - There is a quotient g[ of 0i such that l)Q(Y) = g[ © g 3 . 
Notice that via t)g(Y) <r^- t)g(Y x X 2 ) = g[ © 03 — » (30(^2) we obtain an isomor- 
phism f)0(X 2 ) — > 03 mapping Jx 2 to the 03-component of Jy. Lemma (3.3) then gives 
Hom(X 2 ,y) ^ 0. □ 

(3.5) Remark. It was shown by Borovoi [1] that \)g[X) is Q-simple if End (X) = Q. For 
a generalization of this result to absolutely irreducible Hodge structures of arbitrary level 
see [28]. 

(3.6) Lemma. Let X\ and X 2 be nonzero complex abelian varieties. Assume that the 
Hodge group Hg(X 2 ) is a Q-simple algebraic torus. (In particular X 2 is of CM-type.) 
Write I = IixI 2 . IfHg(X) ^ Hg(Xi) x Hg(X 2 ) then the center of Hg(Xi) contains 
an algebraic torus which is Q-isogenous to Hg(X 2 ). 

Proof. Suppose that Hg(X) 7^ Hg(Xi) x Hg(X 2 ). The assumption that Hg(X 2 ) is 
Q-simple implies that t)g(X 2 ) does not contain a proper algebraic Lie subalgebra. Using 
the notations of (3.1) we then have that t)g(X) = 0i © 03 t)g(Xi) and \)g{X 2 ) = 3 . 
This readily implies the lemma, noting that 0i and 03 are algebraic Lie subalgebras of 
t)g(X). □ ' 

Next let us recall a lemma from [10] that was also used in [11]. This lemma was 
also stated in [5], where it is attributed to Ribet. To formulate it, we need the following 
notation. Suppose F is a CM-field containing an imaginary quadratic field k. In §2 above 
we defined the algebraic torus Uf over Q. The subfield k C F gives rise to a subtorus 
SUp/fc C Up of codimension 1, by 

SU F/fc = Ker(Nm F/fc : U F -> U fc ) . 

With this notation, we have the following lemma. For a proof we refer to [11]. 

(3.7) Lemma. Let F be a CM-field. Suppose H is an algebraic subtorus of Up of codi- 
mension 1. Then there exists an imaginary quadratic subfield k C F such that H = SXJp/k- 

Combining the above lemmas with the facts in (2.1) gives the following result. 

(3.8) Proposition. Let X be an abelian variety and let E be an elliptic curve, both over 
C. Suppose Hom(£,X) = 0. Then either Hg(X x E) = Hg(X) x Hg(E) or End°(£) = k 
is an imaginary quadratic field such that there exists an embedding of k into the center of 
End°(X). 

Proof. If End°(£') = Q then we apply Lemma (3.4). Hence we may assume that 
End°(i?) = k is an imaginary quadratic field, so that Hg(E) is the rank 1 torus Ufc. 
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Write C for the center of End (X) . Then C has the form C = K\ x • • • x K m x F\ x • • • x 
F n , where K\, . . . , X m are totally real fields and F±, ■ ■ ■ , F n are CM-fields. The center Z of 
Hg(X) is contained in U Fl x • • • x U Fri . By Lemma (3.6), if Hg(X x E) ^ HgpT) x Hg(F) 
then there is a homomorphism Ufe — > Ufj x • • • x Uf„ with finite kernel. If Uj\ is a factor 
such that the projection of Ujt to U F has rank 1 then it easily follows from Lemma (3.7) 
that there exists an embedding k — > Fj. This proves the claim. □ 

As an easy corollary we obtain a result first proven by Imai [8]. 

(3.9) Corollary. Let X±, . . . , X n be elliptic curves over C, no two of which are isogenous. 
Write X = X x x • • • x X n . Then Hg{X) = Hg(Xi) x • • • x Rg(X n ). In particular, every 
product of elliptic curves satisfies condition (D) in (1.8). 

Proof. Immediate from the proposition, by induction on the number of factors. □ 

(3.10) Remark. The constructions in this section were inspired by similar results for 
abelian varieties over finite fields obtained in [29] . 



§4. Hodge groups of simple abelian surfaces of CM-type. 

In this section we study Hodge groups of simple abelian surfaces of CM-type. We use this 
to prove Theorem (0.1) for the product of two such surfaces. 

(4.1) Let F be a CM-field. Write E F for the set of embeddings F — > C. Let i: x h-> x 
denote the complex conjugation on F. (Recall that t is independent of the choice of an 
embedding of F into C.) By a CM-type for F we mean a subset IcEf such that, writing 
$ = {if | if E <&}, we have E F = $ II 

Write F C F for the totally real subfield. The choice of a CM-type $ for F is 
equivalent to giving an identification F ®q R —> C Sf o . Writing J = J$ e F <8>q R for the 
element which maps to . . . , i) we obtain a bijection 

{CM-types for F} T F := { J G F ® Q R | J 2 = -1} 

which is equivariant for the natural Aut(F)-action on both sides. 

To the CM-type (F, $) we can associate an isogeny class of complex abelian varieties 
by taking F as a Q-lattice and J<j> as a complex structure. Two CM-types (F, $) and (F, \&) 
give rise to the same isogeny class if and only if there exists an automorphism a G Aut(F) 
with \1/ = a $. Note that if X is an abelian variety in the isogeny class associated to (F, $) 
then J$ is just the operator Jx as in (1.3). We have = — J$. 

Now let F be a quartic CM-field which does not contain an imaginary quadratic 
subfield. Then either (i) F is Galois over Q, in which case Aut(F) is cyclic of order 4 
acting transitively on IV, or (ii) F is not Galois over Q, its normal closure L has degree 8 
over Q, and Aut(F) = {id, t}. In case (i) there is only one isogeny class of abelian surfaces 
with CM by F, in case (ii) there are two such isogeny classes. 
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(4.2) Proposition. Let X\ and X 2 be two simple abelian surfaces with CM by the same 
quartic CM-Geld F. Suppose Xi and X 2 are not isogenous. Write X = Xi x X 2 . Then 



Proof. Fix isomorphisms F = End (Xi); this gives identifications Hg(Aj) = Uf- As 
just explained, the assumption that X\ X 2 implies that F is not Galois over Q. A 
priori the Galois group Gal(L/Q) could be isomorphic to either the dihedral group D4 
or the quaternion group Q. By [22], Propositions 14 and 18, the CM-field F does not 
contain an imaginary quadratic field. Lemma (3.7) then shows that the torus Uf is Q- 
simple. Its splitting field is the field L, as one verifies without great difficulty. Writing 
X* = X*(XJp) for the character group, the previous facts mean that Xq is a faithful 
irreducible 2-dimensional Q-representation of Gal(L/Q). Now remark that the group Q 
does not admit such a representation (cf. [20], Sect. 12.2, p. 108). Hence Gal(L/Q) = _D 4 . 

Consider the "standard" representation p: D 4 — > GL 2 (Q), realizing D 4 as the sub- 
group of GL 2 (Z) generated by the matrices 



We remark that this p is the only faithful irreducible 2-dimensional Q-representation of D4 
(up to isomorphism), and that it is absolutely irreducible. (This is an elementary exercise.) 
This last fact implies that End(Ui?) = Z, i.e., all homomorphisms Uf — > Uf are of the 
form x I— > x m for some integer m. 

Assume that Hg(A) 7^ Hg(Ai) x Hg(A2). The fact that Up is Q-simple implies that 
both surjective projection maps Hg(A) — > Hg(Xj) are isogenies and therefore Hg(A) is 
isogenous to Uf- This implies that Hom(Hg(A), Uf) is isomorphic to Z as an abelian 
group. Let it: Hg(A) — > Uf be a generator of this group. Clearly u is an isogeny. The ho- 
momorphism j: Hg(A) — > Rg(X 1 ) x Hg(A 2 ) = Uf x Uf is of the form x 1— > (u(x) m , u(x) n ) 
for some integers m and n. In particular, Ker(w) C Ker(j). As j is injective, it follows 
that u is an isomorphism and that the integers m and n are relatively prime. 

Under pr i5 the element Jx £ §q(X) ® C is mapped to Jj = Jx v Under the given 
identifications t)$(Xi) = uf = \)q(X 2 ) we thus find that J 2 = (n/m) ■ J\. Since both J\ 
and J2, viewed as elements of F, satisfy Jf = —1 it follows that m = ±n. But m and 
n are relatively prime, so m,n 6 {±1} an d J\ = ±Ji- This implies that X\ and X 2 are 
isogenous (see (4.1)), contradicting the assumptions. □ 



(5.1) Let A be a complex abelian variety with g = dim(A) < 4. Our first goal is to 
prove (0.1). As recalled above we already know this in case X is simple. In the rest of this 
section we may, and will, therefore assume that X is not simple. 

Up to isogeny we can decompose X as X ~ Y™ 1 x ••• x Y™ r where Yi, . . . ,Y r 
(r G Z>i) are simple, pairwise non-isogenous abelian varieties and mi, . . . ,m r G Z>i. 
Correspondingly, the endomorphism algebra D decomposes as D = Di x • • • x D r where 



Hg(A) = Hg(A 1 )xHg(A 2 ). 




and 




§5. Proof of the main result. 
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A = End°(y^) = M mi (End°(y,))- Write V = #i(X,Q) and V t = H^Y™',®). 
Choose polarizations Aj of Y™\ let A be the "product" polarization A = (Ai,...,A r ) 
of X, and let ipf. Vi x Vi — > Q resp. </?: V x V — > Q be the associated Riemann forms. 
With these notations we have the obvious remark that Hg(X) = Sp D (V, <p) if and only if 
Rg{X) = Hg(y i mi ) x • • • x Hg(y r ^) and Hg(y™*) = Sp Di (U 4 , ^) for all i. 

Now assume that X is not simple with dim(X) = 4. Note that X has no factors of 
Type III (since Type III does not occur in dimension < 3). Case (a) of the introduction 
will be dealt with in (5.3) below. If we are not in case (a) then, using the Theorem (1.8) 
of Hazama and Murty and the results discussed in §2, we see that in order to prove (0.1) 
for X it suffices to show that Hg(X) = Hg(Y 1 mi ) x • • • x Hg(Y r m *-)- 

(5.2) Suppose (7 = 3. Suppose also that X decomposes, up to isogeny, as a product 
X ~ Xi x X2 of an elliptic curve X\ and a simple abelian surface X 2 . Then the center of 
End°(X 2 ) does not contain an imaginary quadratic field. By Proposition (3.8) it follows 
that Hg(X) = Hg(Xi) x Hg(X 2 ). 

Combining this with Corollary (3.9), we have proven (0.1) in case dim(X) < 3. In 
particular, for every complex abelian variety X of dimension < 3 we have Hg(X) = 
Sp£,(V, ip) and condition (D) in (1.8) is satisfied. 

(5.3) Let X be a complex abelian variety which is isogenous to a product, say X ~ 
Ii x I 2 , where X\ is an elliptic curve and X 2 is a simple abelian threefold. Suppose 
furthermore that k : = End°(Xi) is an imaginary quadratic field and that there exists an 
embedding k <— > F : = End°(X 2 ). This means we are in case (a) of the introduction. Either 
(al) F = k, or (a2) F is a sextic CM-field. 

Embed k as a subfield of End°(X) such that it acts with multiplicities (2, 2) on the tan- 
gent space Tx,o- (Our assumption that X2 is simple implies that k acts on Tx 2 ,o with mul- 
tiplicities (1,2), see [22], Proposition 14. Therefore, if we fix End°(Xi) = k ^ End°(X 2 ) 
then either a i-> (a, a) E End°(Xi) x End°(X 2 ) or a 1 — > (a, a) gives an embedding as 
required.) Then the space Wk C if 4 (X, Q) consists of Hodge classes. We know that 



Hg(X) C Hg(Xi) x Hg(X 2 ) 



U fc x V k {Vx 2 ,ipx 2 ) in case (al); 
Ufc x \]p in case (a2). 



(See §2 for notations.) The Hodge group acts trivially on Wk, i.e., its elements have trivial 
/c-linear determinant. We then easily find that we must have 



Rg(X) = 



{(ui, u 2 ) E U fc x Uk(Vx a ,ipx 2 ) I ui ■ det fc (w 2 ) = 1} in case (al); 
{(iti, U2) G Ufc x Up I u\ ■ det/ c ('U 2 ) = 1} in case (a2), 



where det^: U/- ( Vx 2 , V , x 2 ) ~~ Ufc denotes the /c-linear determinant map, resp. det^ = 
Nm F / k : Up — > Ufc. (To see our claim, note that U& has rank 1 and that Hg(X) maps 
surjectively onto Hg(X 2 ), so Hg(X) can at most have codimension 1 in Hg(Xi) x Hg(X 2 ).) 
The Kiinneth decomposition gives 

H\X,Q) = [H 2 (X 1 ,Q)^H 2 (X 2 ,Q)} © [H 1 (X 1 ,Q) ® H 3 (X 2 , 
© [H (X U ®)®H*(X 2 , 
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The Hodge classes in H 2 {X U Q)®H 2 (X 2 , Q) ^ H 2 (X 2 ,Q)(-1) and those in tf ^, Q) <g> 
i7 4 (X 2 ,Q) = H A (X 2 ,Q) are linear combination of products of divisor classes. The space 
of Weil classes Wk is a subspace of H X {X\, Q) <g> H 3 (X 2 , Q). (Since we are viewing Wk as 
a subspace of if (X, Q), rather than a quotient, some of our identifications may seem a 
little unnatural, cf. [12], Sect. 7.) 

We have an isomorphism of Hodge structures 

H\X U Q) <g> tf 3 (X 2 , Q) Hom(if 1 (X 1 , Q), tf 3 (X 2 , Q))(-l) . 

Under this isomorphism, the space of Hodge classes in H 1 (X 1 ,Q) <g> H S (X 2 ,Q) corre- 
sponds to the space B.omus(H 1 (Xi 1 Q), H 3 (X 2 , Q))( — 1) of homomorphisms of Q-Hodge 
structures. The Hodge structure H 1 (Xi,Q) is irreducible and has endomorphism ring k. 
Therefore, our assertion that Wk is the space of Hodge classes in H 1 (Xi, Q)®H 3 (X 2 , Q) is 
equivalent to saying that H 3 (X 2 , Q) contains only one copy of H 1 (Xi, Q)(— 1) as a rational 
sub- Hodge structure. It suffices to prove this in case (a2), since the group U& ( Vx 2 , '4>x 2 ) 
contains tori of the form \Jp where F is a sextic CM-field containing k. (Put differently: 
we can specialize from case (al) to case (a2).) 

Suppose then that W C H 3 (X 2 ,Q) is a rational sub-Hodge structure isomorphic to 
if 1 (Xi,Q)(-l). ThenHg(X 2 ) = U F acts on W through the torus Hg(W) = Rg(X 1 ) = U fc . 
The kernel of the corresponding homomorphism Uf — > Ufc is necessarily the subtorus 
SU F /fc C Up. (Cf. Lemma (3.7).) But now we remark that the space of SU F / fc -invariants 
in H 3 (X 2 ,Q) has Q-dimension 2, which proves our claim. (In fact, the space of SU^/fc- 
invariants in H 3 (X 2: Q) is precisely the subspace Wk{X 2 ) C ii/" 3 (X 2 , Q), which is naturally 
a 1-dimensional k- vector space.) 

In sum, the previous arguments prove (0.1) for case (a). 

(5.4) Let X be a non-simple complex abelian fourfold. Suppose X is not of CM-type. 
Then X contains a simple abelian subvariety X 2 which is not of CM-type. We can write 
I~IixI 2 r with r > 1 and Hom(X 2 , X x ) = 0. 

Suppose that we are not in case (a). We want to show that Kg(X) = Hg(Xi) xHg^J). 
If r > 1 then we are reduced to the case g < 3, since Rg(X 1 x X 2 ) = Hg(Xi x X 2 ). Assume 
then that r = 1. We distinguish two cases. If dim(X 2 ) = 3 then Xi is an elliptic curve 
and we can apply (3.8), which works since we are not in case (a). If dim(X 2 ) < 3 then the 
desired equality Hg(X) = Hg(Xi) x Hg(X 2 ) follows from (2.4) and (3.4). 

(5.5) Let X be a non-simple complex abelian fourfold of CM-type. Suppose that X is 
isogenous to X\ x X 2 with dim(Xi) = 1 and Hom(Xi,X 2 ) = 0. If we are not in case (a) 
then there is no embedding of End°(Xi) into the center of End°(X 2 ). It thus follows from 
Proposition (3.8) that Hg(X) = Hg(Xi) x Hg(X^). 

This only leaves us with the case where X ~ Xi x X 2 , with Xi and X 2 simple abelian 
surfaces. If X\ and X 2 are isogenous then we are done. If X\ and X 2 are not isogenous 
then Proposition (4.2) shows that Hg(X) = Hg(Xi) x Hg(X 2 ). 

This completes the proof of Theorem (0.1). 
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We now turn to the proof of Theorem (0.2). As we have seen in §2, the statement is 
known if X is simple. So again we may, and shall, assume X to be non-simple. Furthermore 
we can assume that every simple factor of X occurs with multiplicity 1. 

Write X\ C X for the maximal abelian subvariety which has no factors of Type IV, 
and I2CI for the maximal abelian subvariety of which all factors are of Type IV. Write 
di = dim(Xi). We shall treat the possibilities case by case. 

(5.6) Suppose (di,d 2 ) = (5,0), so that X has no factors of Type IV. If X contains an 
elliptic curve E then End°(i?) = Q (since E is not of Type IV) and Theorem (0.2) follows 
by Proposition (3.8). If X does not contain an elliptic curve then all its simple factors 
satisfy condition (D) in (1.8) and we conclude using Theorem (3.2). 

(5.7) Suppose (di,d 2 ) = (4,1) or (d 1 ,d 2 ) = (3,2). Then X 2 is of CM-type and Theo- 
rem (3.2) gives HgpT) = Hg(X 1 ) x Hg(V 2 ). 

(5.8) Suppose (di, d 2 ) — (2,3). If Xi is simple then Lemma (3.4) gives Hg(X) = B.g(X 1 )x 
Hg(V 2 ). If X\ is not simple then it is isogenous to a product of two elliptic curves, 
Xi ~ Ei x E 2 with End°(£i) = End°(i?2) = Q and where we may assume E\ and E 2 to 
be non-isogenous. Proposition (3.8) then gives Hg(V) = Hg(i?i) x Hg(.E 2 ) x Hg(V 2 ). 

(5.9) Suppose (d!,d 2 ) = (1,4). Then Hg(V) = Hg(Vi) x Hg(V 2 ) by Proposition (3.8). 

(5.10) From now on, let us assume that (d±, d 2 ) = (0, 5), meaning that all simple factors 
of X are of Type IV. Let <i m i n be the minimal dimension of a simple factor of X . Since we 
assume X to be non-simple we have d m i n = 1 or d m i n = 2. 

First suppose that d m ; n = 2. Then X ~ Y\ x Y 2 where Y\ is a simple abelian surface 
and Y 2 is a simple abelian threefold. Note that Y\ is of CM-type with Hg(Y 1 ) = U^, 
where F 1 = End°(Yi). 

If Y 2 is not of CM-type then Lemma (3.6) readily gives Hg(V) = Hg(Yi) x Hg(Y" 2 ). If 
Y 2 is of CM-type then F 2 = End°(V 2 ) is a sextic CM-field. By Lemma (3.6) and Lemma 
(3.7), we can have Hg(V) 7^ Hg(Yi) x Hg(Y" 2 ) only if F 2 contains an imaginary quadratic 
field k such that \Jf 1 is isogenous to SUir 2 /fc. Suppose this is the case. Write fii for the 
normal closure of F-y over Q. Either fii = Fi and Gal(Oi/Q) = Z/4Z (as Fi does not 
contain an imaginary quadratic field), or fii has degree 8 over Q. Next write K 2 for the 
totally real subfield of F 2 and let Q 2 be the normal closure of K 2 over Q. As F 2 contains 
the imaginary quadratic field k, the normal closure of F 2 over Q is the compositum k ■ Q 2 . 
The Galois group Gal(/c • 2 /Q) is either (Z/2Z) x 63 or (Z/2Z) x (Z/3Z). Now fl 1 is 
the splitting field of the Q-torus and k ■ Q 2 contains the splitting field of Up-,. The 
assumption that is isogenous to S\Jp 2 /k thus implies that Q\ C k ■ 2 . Looking at 
Galois groups we obtain a contradiction. Hence again Hg(V) = Hg(Yi) x Hg(Y" 2 ). 

(5.11) From now on, let us assume that (di,d 2 ) = (0,5) and that <i m i n = 1. Write 
X ~ E x V, where E is an elliptic curve and dim(V) = 4. Without loss of generality we 
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may assume that Hom(i?, Y) = 0. (If not then we are reduced to the case dim(X) < 4.) 
Let <i max be the maximal dimension of a simple factor of X. 

If <i max < 2 then all simple factors of Y are of CM-type and there does not exist an 
embedding of End (E) into the center of End (Y). Then Proposition (3.8) gives ~H.g(X) = 
Rg(E) x Hg(y). 

If ^max = 3 then Y is isogenous to a product of an elliptic curve Y\ and a simple 
abelian threefold Yjj. If End°(Y"2) contains an imaginary quadratic field then this subfield 
is unique. Therefore, possibly after interchanging the roles of E and Y\ we find that 
there does not exist an embedding of End (E) into the center of End°(y). (Note that 
End°(E) = End°(Y"i) implies that E ~ Yi, which we excluded.) Again by Proposition (3.8) 
we then find Bg(X) = Bg(E) x Rg(Y). 

Finally, let us assume that <i max = 4, i.e., that Y is simple (of Type IV). Write 
k = End°(£) and F = End°(y). If there is no embedding j: k <— > F then Proposition (3.8) 
gives Hg(X) = Kg(E) x Hg(Y). Suppose then that there exists an embedding j. We 
distinguish 2 cases. 

Case 1: Suppose that k acts on Ty t o with multiplicities (2, 2), so that Hg(Y) = SU_p/fc. 
Suppose also that B.g(X) ^ Hg(E') x Hg(F). As H-g(E) has rank 1 we find that the 
(surjective) homomorphism pr 2 : Hg(X) — > Hg(y) is an isogeny. Then there also exists 
an isogeny /: SUp/fc = Hg(Y) — > Kg(X) and we obtain a non-trivial homomorphism 
a := pr 1 °f: S\J F / k — > Ufc = Hg(E'). Next choose a homomorphism j: XJ F — > SU^/ fc such 
that the composition SLV/& SUi?/fc is an isogeny. The identity component K of 

Ker(aoj: Uf — > Ufc) is a codimension 1 subtorus of Up. By (3.7) there exists an imaginary 
quadratic subfield / C F such that K = SUpy;. The quotient Uf/K is isogenous to U; 
but also to Ufc (as K = Ker(a°j)). Hence Ufc is isogenous to Uj, which implies that k = I 
and K = S\J F / k . (Note that F has only one subfield isomorphic to k.) It is clear though 
from our construction that SUp/fc is not contained in Ker(aoj'), as pr l is surjective. Hence 
Rg(X) = Rg(E) x Hg(y). 

Case 2: Suppose that k acts on Ty,o with multiplicities (1, 3). (By [22], Proposition 14 
this is the only other case that occurs.) Rather than looking at E x Y, let us look at Z := 
E 2 x Y. There is an embedding k End°(Z') such that k acts on T z ,o with multiplicities 
(3, 3). This implies that the corresponding space of Weil classes W k C H 6 (Z, Q) consists 
of Hodge classes and that Hg(Z) C SXJk(Vz,ip). (For this last conclusion, see [11], Lemma 
2.8.) Returning to our original abelian variety X ~ E x Y we find that Hg(X) is contained 
in the subgroup H C B.g(E) x Hg(F) = Ufc x U j p(Uy, V') given by 

H = {(ui,u 2 ) e Ufc x UfCVV.V') I «? -detfcM = 1}, 

where detfc: Hg(F) = Up(VV,^) — > Ufc is the /c-linear determinant. Now remark that Ufc 
has rank 1, so that the projection H — > Hg(F) is an isogeny. As is connected and 
pr 2 : Hg(X) — > Hg(y) is surjective, we conclude that Hg(X) = H. 

(5.12) We have now computed the Hodge groups of all complex abelian 5-folds. It remains 
to be shown that this indeed gives the conclusions as stated in Theorem (0.2). Part (iv) 
of the theorem follows by going through the above and using (0.1) and (2.7). All that 
remains to be done is the computation of the Hodge rings in the cases (e), (f) and (g). 
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Case (f) is easy. It was established in (5.9) and (5.10) that Hg(X) = Hg(X ) xHg(Ai x 
X 2 ). (Notations as in the introduction.) The rest of statement (ii) of (0.2) readily follows. 

Next suppose we are in case (e). By the duality H j (X,Q)(5) = H 10 - j (X,Q) v we 
only have to show that B 2 (X) C H 4 (X, Q) is generated by V 2 (X) and the spaces Wk, a - 
The Kiinneth formula gives 

H 4 (X,Q)= [H*(XlQ)®H°(X 2 ,Q)] © [H 3 (X 2 , Q) © H\X 2 , Q)] 
© [H 2 (X 2 ,Q)®H 2 (X 2 ,Q)} © [H 1 (X 2 ,Q)®H 3 (X 2 ,Q)} 
© [H°(X 2 ,Q)®H 4 (X 2 ,Q)}. 

In i7 4 © if and H° © i/ 4 we only have decomposable classes. In 

H 3 (X 2 , Q) © x (^2, Q) = Hom(if 1 (X 1 2 , Q), ^(X 2 , Q))(-2) 

there are no non-zero Hodge classes, as there are no non-zero homomorphisms from X\ 
to X 2 . Next we have H^Xf, Q) © H 3 (X 2 , Q) [fT^Xi, Q) © H 3 (X 2 , Q)]® 2 , so that the 
Hodge classes in H 1 © ii/" 3 are just the elements of the spaces Wk, a - (See (5.3). Also note 
that in fact we only need two spaces Wk, ai and Wk, a2 f° r "linear independent" choices a\ 
and a 2 .) 

To settle case (e) it thus remains to compute the Hodge classes in H 2 © H 2 . Write 
V 2 = H 1 (X 2 ,Q) and F = End°(X 2 ). Either F = k or F is a sextic CM-field. Fix an 
element a G F with a = —a. The Hodge group Kg(X 2 ) is the unitary group XJf(V 2 ,i()), 
where V 2 x V 2 — > F is an F-hermitian form such that tr_p/Q(a • ^) is the Riemann 
form of a polarization. (See (2.3) and notice that if F is a sextic CM-field then the same 
description works, since \Jf(V 2 ,iP) in that case is just the torus Uf-) 

Consider the algebraic Q-subgroup SU F / fc (V2, ip) = Ker(detfc: Uf(V 27 iJj) — > Ufc). We 
claim that SUi?/fc(^2, an d Uf(V2, , 0) have the same centralizer in End(V2). To see this 
we can extend scalars from Q to C and consider the actions of SU^y/^V^ VO ©Q C and 
Uf(V2, -0) ©q C on V 2 ©q C. Treating the cases F = k and [F : Q] = 6 separately, the 
claim is then easily verified. As H 2 (X 2: Q) is isomorphic to a sub-Hodge structure of 
End(V2)(— 1) it follows that the space of SUf/a^V^, ^-invariants in H 2 {X 2 , Q) is equal to 
the space B 1 ^^ of Kg(X 2 ) -invariants. Now our description of B.g(X) = Kg(Xi x X 2 ) in 
(5.3) above shows that Hg(X) D {1} x SUf/A;(V2, i>), so that the Hodge classes in H 2 ®H 2 
are contained in H 2 (X 2 : Q) © B 1 (X 2 ). But then it readily follows that the Hodge classes 
in H 2 © H 2 all lie in B 1 (X 2 ) © B 1 (X 2 ) and are therefore decomposable. This finishes the 
proof of (i) of Theorem (0.2). 

Finally, suppose we are in case (g). Again we only have to look at H 4: (X, Q). The 
only interesting Kiinneth component in this case is H 1 (Xi, Q) © H 3 (X 2 , Q). As we have 
shown, Hg(X) = {(ui,u 2 ) G Ufc x Hg(Y) | u\ ■ detfc(-U2) = 1}. In particular we have an 
element (-1, 1) G Hg(X) which acts on H X (X U Q) © H 3 (X 2 , Q) as -1. This shows there 
are no Hodge classes in H 1 (X 1 ,Q) © H 3 (X 2: Q) and that B'(X) is generated by divisor 
classes. 
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